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Hauno0oanmuid o01mii aeJiuTe I MHOTOYJIEHOB M CIIOCOOLI €r0 HAXO0KICHHUS

B nanHOW cTarbe aBTOpPHI paccMaTpuBalOT OJHO M3 KIIOUEBBIX IOHATHM anreopbl
«HanOONBIINKM OOIIMKA NEeNUTeNh MHOTOYIEHOB» M €r0 OCHOBHBIE CBOMCTBA, MPOBOJIS aHAIOTHIO C
YyHucIaMd B TEOPHM 4YHCEl. B cTarbe OMMCHIBAlOTCS ABa CIOCO0a HAXOXKICHHUS HAMOOJBIIETO
obmero nenutens. I[lepBblif M3 HHUX OCHOBaH Ha UCHOJIb30BaHUM anroputma EBkimuaa —
I10CJIEI0BATEIBHOM JIEJIEHUH OJIHOTO MHOT'OUYIEHA Ha JPYroH, IOKa HE MOJyYUM OCTAaTOK HOJIb. Jliis
mHorowieHoB f(X) u g(X) mocnenuuit HeHyseBoit octatok (Ih(X)) sBAsieTCs HAUOOJIBIIUM OOIIUM
nenurtesieM MHorowieHoB f(X) u g(x).

Bropoii crioco6 - ¢ momomipo TabiuuHoi Gopmbl 3anucu M.B. SIKOBKMHA — COBETCKOTO
MareMaTuKa, OnmyOJMKOBaBIIero AaHHbIA MeTon B 1954 romy. JlanHblii MeTOa WMHTEpeceH, Oosee
KOMITIAKTEH, TEM CaMbIM SIBIISIETCS pPaIlMOHAIBHBIM CIIOCOOOM HaXOXJIEHUS HAuOOIBILIEro OOIIero
nenurenst MHorowieHoB. O0a MeToja MWIUTFOCTPUPYIOTCS IPUMEPaMU.

KitoueBble cioBa: HauOONbIIMKA OOIMIMKA [EIUTETh MHOTOWIEHOB, alropuTM EBkimuaa,
cxeMma SIkoBKHHA.

Tatyana Alexandrovna Oboldina,
Anatoly Ivanovich Khaydukov
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The polynomials greatest common divisor and ways to find it

The authors consider the concept of algebra “the greatest common divisor of polynomials”
and its main properties, drawing an analogy with numbers in number theory. The article describes
two ways of finding the largest common divisor. The first of them is based on using the Euclid
algorithm — sequentially dividing one polynomial by another until we get the remainder zero. For
polynomials f(x) and g(x), the last nonzero remainder (rn(x)) is the largest common divisor of
polynomials f(x) and g(x).

The second method is based on using the tabular form of a Soviet mathematician M.V.
Yakovkin who published it in 1954. This method is interesting, more compact and thus is a rational
way to find the largest common divisor of polynomials. The authors illustrate both methods with
examples.

Keywords: the Polynomials greatest common divisor, the Euclid algorithm, the Yakovkin
scheme.

MareMartuka - 3TO YHUKaJbHas HayKa, CIIOCOOHAas IPOHUKHYTh B CaMbIe TNTYOMHHBIC OTICITBI
abcTtpakTHOro MbIIUIeHUsI. OMHONW W3 €€ BaXKHBIX 00JacTell sIBsSETCs anredpa, KOTopas h3ydaer
pa3IuyHbIC aNreOpandecKue CTPYKTYpPhl, B TOM YHCJI€ W MHOTOWIECHbl. MHOTOWICHBI SIBISIOTCS
OCHOBOTIOJIarallMMyU eIMHULIaMU B ajireOpe, U MOHUMaHKUE UX CBOMCTB U ONEpaluii KpaifHe BaXKHO
JUTSl IPAKTUYECKUX MPUMEHEHHH, a TaKkKe 7151 JaJbHEUIIEero U3y4eHusl MaTeMaTHKH.

Opmnako, 4TO JeNaTh, €CIU HY)XKHO HAWTH HAaWOOJBIINNA OOIIMKA JETUTETh MHOTOYJICHOB?
[TompoOyeM OTBETHTh Ha IOCTABICHHBIH BOIPOC M Oojee MOAPOOHO PaccCMOTPETh, YTO TaKOE
HauOOJNBIINI OOIIMI [EUTEs> MHOTOUYJIEHOB U KaK €ro MOYKHO HAaWTH, BEIb HAMOOJBIINN OOIIHi
JIENUTEh MHOTOUWICHOB SIBIIIETCS BAKHBIM TOHSATHEM B aireOpe W HaXOXKICHHE €ro MOMOraeT B
PELICHUH PA3IUYHbIX MAaTEMAaTUYECKUX 3a7a4.
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Hau6onpmmii o6muit genurens (HOJl) MHOTOYICHOB — 3TO OOIIHIA JEUTENh MAKCHMAIILHO
BO3MOXKHOU CTEIICHHU, KOTOPBIN SBIIACTCS MHOKUTEIEM HCXOIHBIX MHOTOWICHOB [3,4].

[Mycts f1(X), f2(X), ..., fa(X) Oymyr mHOrOwWIeHaMu KO3(PQPHUIMEHTAMU B ICIOYUCICHHON
obact Z, 00BIYHO 3TO ITOJIC MIIH Iieible uncia. Hanbonpmmii oomuit aeaurens u3 f1(X), f2(X), ...,
fo(X) — sT0 Muorounen d(X), koropsiit menut fi(X), f2(X), ..., fa(X), 1 Takoi, yTO KakaBIA OOIIMIA
nemutens w3 fi(X), fa(X), ..., fu(X) raxke nmemmt d(X). Takum o00pa3oMm, MOXHO cKa3aTh, YTO
HaMOOJIBIIHMK OOLIMI ETUTEh MHOTOYIEHOB SIBIIICTCA HAUMEHBIINM OOIINM KPaTHBIM HX OOIIUX
NEJIUTEIIEH.

Ecnu Z sensercss mosiem, a wmuorowieHsl f1(X), fa(x), ..., f(X) He paBHBI HyIIO,
MHOrouwieH d(X) sBisieTcsi HanOOJIBIINM OOIIUM JISTUTEIEM TOTIa M TOJILKO TOT/Ia, KOT/Ia OH JICITUT
Kax bl MHOTOWIeH Oe3 ocratka fi(X), f2(X), ..., fi(X), 1 OH MMeeT HaMOONBIIYIO CTENCHDb CPEIU
MHOT'OYICHOB, 00JIaaf0IUX 3TUM CBOMCTBOM. Ecii HanOombImii 0OIHii T1eTUTeIh MHOTOYICHOB
paBeH KOHCTAHTE, TO OHHM Ha3bIBAIOTCS B3auMHO mpocThiMu. Eciu ke fi(X) = fo(X) = ... = f,(X) = 0,
TO HAWOOJbIIMKA OOIIMI MenuTedb paBeH HyM0. OJHAKO CYIIECTBYET MHEHHE, YTO B JIAHHOM
cllydae OH He OIpe/IeiicH.

HawuGonpumii obmuit aenurens f1(X), f2(X), ..., fi(x) o6brano obosnaugaercs «HO(1(x),
f2(X), ..., Ta(X))».

HawuGonpumii obmuit nenutesb He yaukaneH: eciu d ssisercs HOJI ot maorounenos fi(x),

f2(X), ..., Tn(X), To MHOTOUWIEH S(X) siBysieTcss apyrum HOZ(fi(X), f2(X), ..., fa(X)) Torma u Tomnpko
TOI/1a, KOT/Ia CYIIeCTBYET O0OpaTHMBIii 3JIeMEHT C U3 Z TaKOi, 4To
s =cxd
u
d =ctxs.
Hpyrumu cnoBamu, HOJZ[(fi(X), f2(X), ..., fa(X)) yHHKaeH ¢ TOYHOCTBIO IO YHCIOBOIO
MHOKHTEJIS.
CgoiictBa HOJI mHOTOWIIEHOB 1T0X0KH Ha cBoiicTBa HO/J] 1enbix uncen:
1. Ecmu d(x) = HOH (fi(x), fa(x), ..., fn(X)), To MHOXecTBO Bcex memureneii d(X)
COBIAJACT C MHOXECTBOM BcexX o0mmux aenuteneit MHorowieHos fi(X), f2(X), ..., fa(X).
2. Tlocrostaubiii HYJ6 - 3170 HOJT (f1(X), f2(X), ..., fa(X)) Torma u toapko Torma, Koraa Bce
MHOTOYWICHBI €CTh TIOCTOSIHHBIE HYJIb.
3. d(x) smmsercs  HOJ(fi(x), fa(x), ..., fa(X), 0) Torma m TONBKO TOT/AA, KOTIa

d(xX) = HOH(f1(x), f2(X), ..., fa(X)).

4. Tlycte d(X) = HOHA(f1(X), f2(X), ..., fa(X)). Torma Bce mHOrowiensr cXd(x), rme ¢ —
nro6ast MOCTOSIHHAS ¥ ¢ £ 0, ¥ TOJIBKO 3TH MHOTOWICHBI SIBIISTFOTCS. BCEBO3MOKHBIMH HAHOOJIBITHMHI
obmumu aenutensamu MHorowteHoB fi(X), f2(X), ..., fu(X).

5. Ecmu d(X) = HOA(f1(X), f2(X), ..., fa(X)) u ¢ — cTapmmii koadduiment muorowiena d(X),

10 (3) xd(x) = HOA(F1(X), fo(x). ..... ().

6. Ecmu omuH w3 mMHorowieHoB fn(X) coBokymuoctu fi(X), fa(X), ..., fo(X) sBisercs
aenuTesieM Beex ux, To fn(X) = HOJ(f1(X), f2(X), ..., fa(X)).

7. Tlycts f(X) = g(X)xq(x) + r(x). Kaxnuprii obumii nenutenb MHorowieHoB g(X) u r(X)
Oynet oOmmM aenutenem u s MEorowieHoB f(X)u g(X). Y Hao00poT, BCAKUIM OOMIHIA JeTUTENh
mHorowieHoB f(X) u g(X) Oynet obuum nenutenem g(X) u r(X).

[Moatomy ecnu d(X) = HOJ(d(x), r(x)), ro d(x) = HO(f(x), g(x)), u oOpatHo.

8. Ecmm di(x) = HOJ(fi(x), fa(x), ..., fo(x)) m d(x) = HOHA(1(x), fns(X)), TO
d(x) = HOI(f1(x), f2(X), ..., fa(X), fas1(X)).

9. Iycts d(x) = HOJ(f1(X), f2(X), ..., fa(X)) u crenens d(X) paBua K. Tak kak d(X) menurcs
Ha BesAkwii obmmid genurens MHOrowieHoB fi(X), fa(X), ..., fu(X), To cTemenu oOmmx menawrenei
3THX MHOTOYJICHOB HE MPEBOCXOSAT K.

Hawubonpimii obmmii genutens aByx MHorowieHoB f(X), g(X) MoxkeT ObITh HalacH MpHU
rnoMouu anropurma EBknuaa.
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Anroput™m EBknmza - 370 MeTof, KOTOpPbIM paboraer s J0OOW Mapbl MHOTOYJIEHOB
[1,2,5,6,7]. B HeM MHOrOKpaTHO WCIIONb3yeTCsS JCJICHHE «Yroikom». [Ipu 3ToM cTereHb
MHOI'OWIEHOB YMEHBIIAETCS Ha KaXKA0M 3Tane. [/leneHue npoxoauT A0 TeX Mop, oKa He MOTyYUTCs
HYJIEBOI OCTaTOK. DTO JaeT LIENOYKY PaBEHCTB:

f(x) = 9(x) x gi(x) + ri(x),

9(x) = ra(x) x g2(x) + ra(x),

r1(X) = rz(X) X qs(x) + rs(x),

Mn-2(X) = -1(X) X gn(X) + n(X),

Mn-1(X) = r(X) X gn+1(Xx) + 0.

[Mocnemuuii HeHyaeBoW ocTaToK (In(X)) sABAsSETCA HAHMOONBIIMM OOIIMM JICITUTEIIEM
mHorowieHoB f(X) u g(X).

PaccMoTpuM mpocTelvii puMep HMCIOIb30BaHUs alroputMa EBKiIHMIA Ui HaXOXICHUS
HanOoJIbIIero 001Iero Aenautens MHorowieHoB f(X) u g(X).

[Tpumep: HaliTu HauMeHbIINN OOIIUNA JETUTEINb TBYX MHOTOUJICHOB:

f(x) = 4x%-2x-2

g(x) = 2x.

Pemenue:

1) Pazmenum oauH U3 MHOrowieHoB Ha apyroi — f(X) + g(x). Jemutp Oymem g0 Tex mop,
[IOKA CTEIEHb Pa3HOCTH HE CTAHET MEHBIIE CTCIICHH AETUTEIS.
_4xP-2x—2|2x

4x° 2x — 1
= 2X
— 2X
-2
rx)=—2

Panee yxe ynomunanoch, yto HOJl MHOTOUYJIEHOB OMpENensieTcss C TOUHOCTBIO O YUCIOBOTO
MHO)uUTENS. [T09TOMY BTOpO#i 0cTaTOK YMHOKUM Ha (— 1).
rn(x=(FDx(=2)=2
2) 3aTeM pas3jesuM JeIUTeNb Ha TIEPBbhIi OCTATOK MPH MOJaydeHHH oT aeneHus — g(X) + ri(X).
_2X |2
2X | X

0

r,(x) =0

Ocrarok okasaicst paBeH Hyit0. Cie0BaTeNbHO, MOCISIHUN HEHYJIEBOU (TIEPBBIN) OCTATOK OT
JIETICHHS SIBJISICTCS UCKOMBIM HAaHOOJIBIIIMM OOIIMM JEUTEIEM ABYX MHOTOUYJIEHOB.

HOJ(f(x);9(x)) = r1(x) = 2

Teneps paccMOTpuM 0oJiee CIIOKHBIA MPUMEP HAXOXKICHUS HAMOOJIBIIEro OOIIEro JACIUTENS C
MOMOIIIBIO AropuT™Ma EBKIHIA.

[Tpumep: Haiitn HanOompuii 0OMUNA JETUTENb TBYX MHOTOUYJICHOB:

f(x) = x°— 4x°+ 2x* + 5x* + 2x* — 4x — 8

g(x) = x> — x* = x>+ x? — 4x — 4.

Pemenue:

3) Pazgenum oauH w3 MHOrowIeHOB Ha apyroi — f(X) + g(x). Jemuts Oyaem 10 Tex mop, moka
CTeIeHb Pa3HOCTH HE CTAHET MEHBIIIEe CTEIIEHHU ICTUTENS .
X+ 2 —4x—8 [ X=X =X+ X —Ax— 4

X8 —x®— x*+ x% — 4x% — 4x X —3
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— 3+ 3+ 4x° +6x°— 8
—3C+HA -3+ 12x + 12

x° + 9x° — 12x — 20

r(x) = X+ 9x% — 12x — 20

4) 3arem pa3fenauM JeIMTellh Ha EPBBIM 0CTATOK IPH MOoIydeHun ot aeiaenus — g(X) + ry(x).
X=X =+ X2 —4x-4 X2 + 9x° — 12x — 20

x°+ 9x* — 12x% — 20x? x> — 10x + 101

- 10X+ 11— 21 —4x — 4
— 10x* — 90x® + 120x* + 200x

_101x° — 99x* — 204x — 4
101x3 + 909x? — 1212x — 2020

— 1008x° + 1008x + 2016

ra(x) = —1008x% + 1008x + 2016

. 1
BTopoii ocTaTok yMHOKUM Ha (— ﬁ)'
1

rj(0) = (——=)x(- 1008x* + 1008x + 2016)

CiefoBaTesibHO, I'y (X) = X2 —X—2

5) Terneps pa3aenuM MEepBbIid OCTATOK OT ACICHHS Ha MOJYIEeHHBIH BTOPOi — r1(X) + r5(X).
X+ —12x—20 | X —x—2

X3 — x% — 2x X —3
_ —10x°— 10x — 20
— 10x%* — 10x — 20
0
r3(x) =0

Ocratok oka3aiics paBeH HyJt0. CiieoBarenbHO, NOCAEAHUN HEHYIEBOH (B JAHHOM Cilydae,
BTOpPOW) OCTAaTOK OT JINE€HUS SABISETCS HMCKOMBIM HaWOOJbIIUM OOIIMM JI€IHUTENEM JIBYX
MHOTOYJICHOB.

HOJI(F(x);9(x)) = r(x) = x* — x — 2

Ho npu wucnonb3oBanuu anroputma EBKiMIa BBIYMCIAETCS M 3amUCBIBaeTCS OOJNbIIOE
KOJIMYECTBO BCIIOMOTaTENbHbBIX JaHHBIX, KOTOPHIE HE TaK BaXKHBI B ITOJIyUEHUHU PE3yJIbTaTa - 3TO TaK
Ha3bIBa€MbI€ IPOMEKYTOUHBIE OCTATKH.

YroObl M30ekKaTh HEHYXKHBIX BBIUMCIEHUH M pallMOHAJIBHO 3amucaTh IPOLECcC eJIeHUs
MHOT'OYJIEHOB, MOKHO HCIOJIb30BAaTh TAOJIMYHYIO (GOpMY 3alUCH AECUCTBUN, KOTOPYIO MPEIOKII
M. B. SIkoBkuH [8].

[Ipu wucnonp3oBaHMK TaOAMYHOM (QOpPMBI 3amUCH  JEJIEHHS MHOTOUYIEHOB MECTO
PACIIONOKEHUST KaXKAOW COCTABJIAIOIIENH MHOTOWIEHA OMNPENENAETCS CTENEHBI0 MEPEMEHHOW NpuU
naHHoM wieHe. [loaTomy B Tabiniie MOXKHO HE OTMEYaTh CTENEHb EPEMEHHBIX, a UCKIIOUUTEIHHO
TOJIBKO UCIIONIB30BaTh MX K03(dumeHTsl. 3T0 00eCeynuT KOMIAKTHOCTD 3alHCH.

Bce wieHbl neauMoro 3amMchIBAalOTCS B IMEPBYIO CTPOKY IO yObIBaHMIO cTeneHel. Bcee
COCTABIISIIOLINE JIEIUTENsI 3alMUCHIBAIOTCS B JIEBBIM CTOJOE! TAaOMUIBl TakXke IO YOBIBAHHUIO
CTETEHEe!, U y BCeX, KpOME MEePBOTo ujieHa, MEHSETCS 3HaK Ha MPOTHUBOIONOKHBIHN. /{7151 TOro 4roos!
HATH MPOMEKYTOUHBIE PE3YIbTAThI, KOAPPHUIMEHTH HEOOXO0IUMO MTPOCTO CIOKUTH MEKIY COOOH.
YactHoe 3amuchIBaeTcs B caMoil HMKHEW crpouke Tabmuipl. Kosdduumentsl yacTHOro ymno0HO
OTAENTUTh OT KO3(h(HUIMEHTOB OCTaTka BEPTUKAIbHOH ABOHHON uepToil. UTOOBI ee OTMETUTH B
Tabyuie, HEOOXOJUMO B IEPBOM CTPOKE OTCUMTATh CIpaBa HAJIEBO CTOJIBKO KOA(P(UIUEHTOB,
CKOJIBKO UX B JIEJIUTEJIE C BBIYETOM €IMHUIBI U IPOBECTH BEPTUKAIBHYIO JBOMHYIO YEPTY.

PaccMoTpuM ucnonb30BaHUE JaHHOTO METOJAa Ha MpEeAbLAyIEeM IpuMepe U yoeaumcs B
BEPHOCTH €T0 PELICHMUS.
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[Tpumep: HaliTn HauMeHbIINN OOIINNA JETUTENb IBYX MHOTOYJICHOB:

f(x) = x° — 4x°+ 2x* + 5x3+ 2x° — 4x — 8

g(x) = x> — x* = x>+ x* — 4x — 4.

1) Pa3penum oauH 13 MHOTOWIEHOB Ha apyroi — f(X) + g(X).

Henum crapiivii 4jaeH AEJIMMOro Ha CTaplidid 4jieH JCJIUTENs U YaCTHOE 3alHChiBacM B
CaMyl0 HIXKHIOIO CTPOKY B TOT € CTOJIOEL], 1€ HaXOUTCS CTapIIU YWIEH JAeTUMOro.

3areM MOJY4YCHHBIN CTapIIuii YJIeH YaCTHOTO YMHOXKaeM Ha BCE WICHBI JIEBOTO CTOJIOMA, 3a
HCKITIOYEHHEM CaMoro MepBOro, U MPOU3BE/ICHUE 3alKChIBAEM B CIEAYIOUIYIO CTPOKY, HaYMHAs C
ITOCJICIYIOIIErO CTOIONA.

[Tocne sTOrO NEnaeM aHaJOTUYHO C OCTajdbHBIMU cTonOnamMu. U Tak mpogoimkaeM moka Bce
MIPOM3BE/ICHUS HE OYAYyT 3aIUCaHbI ClIpaBa OT BEPTUKAILHOM ABOWHON 4epThl. [Ipu 3TOM morydum
B CaMOM HMKHEH CTpOKe cjieBa OT ABOWHOM YepThl WICHBI HETIOJIHOIO YaCTHOIO, a CIIpaBa, CIOKHUB
MEXy COOO BCE YUCIIA IO CTOJIOMKAM — YJICHBI OCTATKA.

1 1 —4 2 5 2 —4 -8
1 1 1 -1 4 4
1 -3 -3 3 -12 | -12
-1
4
4

1 -3 0 1 9 -12 | =20

Q1(X) =x—3

r(x) = x>+ 9x* — 12x — 20
2) Tenepb pasjenuM JeIMTeNb Ha OCTaTok oT aeieHus — ¢(X) = ri(X). AHAJOrMYHO MO
npouuioMy ,HGP'ICTBI/IIO, HaXO0JUM BTOPBIC HECIIOJITHOC YaACTHOC U OCTATOK.

1 1 -1 -1 1 —4 —4
-9 -9 12 20
12 90 —120 —200
20 —909 1212 2020
1 —-10 101 —1008 1008 2016

g2(X) = x*— 10x + 101
ry(x) = —1008x” + 1008x + 2016
HOJI MHOrOousieHOB OIpeAenseTcss ¢ TOYHOCTBIO JO YHCIOBOro MHOXUTeNs. [loatomy

. 1
BTOPOU OCTAaTOK YMHOKHM Ha (— ﬁ)'

1
r3(0) = (——=)x(- 1008x* + 1008x + 2016)
rh(x) = x> —x — 2
3) Teneph pas3ieauM MEPBBIA OCTATOK OT JEJICHUS Ha MOJYYEHHBIH BTOpoi — r1(X) + 15(X).
AHaHOFH"IHO 110 IpoNIOMY ﬂeﬁCTBHIO, HaxoJuM TPCTbHU HCIIOJHOC YaCTHOC U OCTATOK.

1 1 9 | —12 | -20
1 1 2
2 10 | 20
1 10 0 0
s3(X) =x + 10
r3(x) = 0

HOJI(F(x);9(x)) = rp(x) = x* — x — 2
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Cxema SIkoBKHMHA JeJieHHUsT MHOTOWIEHOB JIOBOJBHO MPOCTa B MCIOJIb30BAaHUH, TOMOTAeT
0ojiee TMOJIHO PACKPHITh JIOTUYECKYIO B3aWMOCBSI3b PA3IUYHBIX OMEpaluii ¢ MHOTOWICHaMH. A
TaK)Ke MO3BOJISIET OCBOOOAUTH OT JIUIIHUX U HEHYXHBIX BBIYUCICHUN, TEM CAMbIM MaKCHMAalIbHO
palMOHAIN30BaTh BHITIOJIHEHHE JIETICHUS MHOTOUYJICHOB.

HanOonpmmii 0oOmui AENIUTETs MHOTOWICHOB - 3TO MOIIHBIA WHCTPYMEHT aireOphl,
KOTOPBIA HAXOAUT MHOXKECTBO NMPUMEHEHHI B oOyiactu matemMaTuku. OH MO3BOJSET Pa3oKHUTh
MHOTOYJIEHbl HAa MPOCTEHUIINE MHOXHUTENIU, YTO JelaeT UX aHaliu3 M pelleHue 3agad Oosee
MPOCTHIMH U YAOOHBIMU. 3HAHKE TMOHSATHUS HAUOOJIBIIEro OOIIETO ASIUTENS MHOTOWICHOB SIBIISIETCS
HEOTHEMJIEMON YaCThI0O MaTEeMAaTUYECKOTO 0Opa3OBaHUs, U SBISETCS 00s3aTENbHBIM K YCBOCHHIO
JUISL T€X, KTO COOMPAETCS TIy0XkKe MOTPY3UTHCS B AIIreOpy Wi IPYTHe 00JIaCTH MAaTEMAaTHKH.
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